Mohyud-Din and Yildrim presented the solution of ninth and tenth order boundary value problems using the homotopy perturbation method (HPM) [5] and the modified variational iteration method (MVIM) [6] . Saberi and Zahmatkesh determined the solution of higher order boundary value problems (9th order, 10th order, and 12th order) using the HPM [7] .
In this paper, the nonpolynomial spline is introduced to establish the technique for the solution of ninth order boundary value problems.
The following boundary value problem is to be solved:
(1) (a) = η 0 , y (1) (b) = η 1 , y (2) (a) = µ 0 , y (2) (b) = µ 1 , y (3) (a) = σ 0 , y (3) (b) = σ 0 , y (4) (a) = λ 0 ,
where ζ i , η i , µ i , σ i , i = 0, 1 and λ 0 are finite real constants and f (x) and g(x) are continuous functions on [a, b] . The nonpolynomial spline function used in the paper has the form 8 , cos(kx), sin(kx)} . Here k is the frequency of the trigonometric part, which can be used to increase the precision of the method. It can be real or purely imaginary.
The paper is divided into four sections. By applying the derivative continuities at knots, the consistency relation between the values of the spline and its ninth order derivative at knots is determined in Section 2. The end conditions for the solution of BVP (1) are also derived in Section 2. In Section 3, the nonpolynomial spline solution of BVP (1) is determined.
Three examples are given to observe the efficiency and reliability of the method in Section 4.
Consistency relations
For the development of spline approximation to problem (1) , the interval [a, b] is divided into N equal subintervals with knots
Let
i (x i ),
Using Eq. (3), the coefficients in Eq. (2) are evaluated as:
where θ = kh and i = 0, 1, 2, ..., N − 1.
Implementation of the first, fifth, sixth, seventh, and eighth order derivative continuities at knots, i.e.
i (x i ), where ψ = 1, 5, 6, 7, and 8 , leads to the following consistency relations:
[
With the help of Eqs. (5) − −(9), the following consistency relation regarding the ninth derivative of spline t i and y i , i = 0, 1, ..., N , is derived: 
where 
.., N , is taken from BVP (1), which shows that seven more equations (end conditions) are necessary to obtain a complete solution of y i s in system (11) . Following Siddiqi and Ghazala [9] , the end conditions are derived as: 
The nonpolynomial spline solution of BVP (1) is presented in the next section.
Nonpolynomial spline solution
The nonpolynomial spline solution of BVP (1) is determined using Eqs. (12)- (15), (11), and (16) (A + h 9 BF)Y = C, −1800 5760 
c N −3 = − 9722822060 739120663 hy
c N −2 = − 117588984800 1118918657 hy
and
] .
Three examples are considered to demonstrate the implementation of the method in the following section.
Numerical results
Example 1. For 0 ≤ x ≤ 1, consider the following boundary value problem:
The analytical solution of the above-mentioned problem is:
The maximum errors associated with y i s for Example 1, relative to different values of N, are recorded in Table 1 . It is confirmed from Table 1 that if h is reduced by a factor of 1/2, then ∥E∥ is reduced by a factor of 1/4, which indicates that the present method gives second-order results.
Example 2. For −1 ≤ x ≤ 1, consider the following boundary value problem:
The maximum errors associated with y i s for Example 2, relative to different values of N, are recorded in Table 2 . It is confirmed from Table 2 that if h is reduced by a factor of 1/2 , then ∥E∥ is reduced by a factor of 1/4, which indicates that the present method gives second-order results. 
The maximum absolute error associated with y i for Example 3 of the presented method is compared with the HPM in Table 3 .
It may be noted from Table 3 that the presented method is more efficient.
Remark. In the above examples, α , β , γ , δ , and ρ are chosen such that α + β + γ + δ + ρ = 1/2 . The values of α , β , γ , δ , and ρ are taken as 14/360, 36/360, 25/360, 35/360 , and 70/360 , respectively. N Presented method Mohyud-Din and Mohyud-Din and Saberi and Yildrim [5] Yildrim [6] Zahmatkesh [7] 
Conclusion
For the solution of ninth order linear special case boundary value problems, a numerical method has been established using a nonpolynomial spline technique. Three examples have been considered to illustrate the preciseness of the method. The comparison of the maximum absolute error of the presented method with those of Mohyud-Din and Yildrim [5, 6] and Saberi and Zahmatkesh [7] is given in Table 3 , which shows that the presented method is more efficient than the HPM and MVIM. Conclusively, the presented method is a reliable technique, as the numerical solutions are in very good agreement with the exact solutions.
